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Abstract 



^ We study the Casimir effect for a massive bosonic string terminating on D-brains, 

and living in a flat space with an antisymmetric background B-field. We find the 

Casimir energy and Casimir force as functions of the mass and length of the string 

and show the force does not depend on B-field. We also find the divergent part of the 

vacuum state energy, as a function of the mass and length of the string and offer an 

' idea for renormalization of the mass of the string. 
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> 1 Introduction 
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in 

Imposing definite boundary conditions on a quantum field changes the spectrum of the 
quantum states and leads in particular to changing the vacuum energy of the system. 
^ These zero-point fluctuations results in some observable quantum effects such as the well 

ps) known Casimir force [Tj. As we know, this force depends on the features of the space-time 

^ manifold and on the boundary conditions imposed on the field. 

^ A variety of theoretical models with different boundary conditions have been considered 

^ in the literature in which the casimir effect is analyzed and for some configurations the 

Casimir force is observed or measured experimentally (see, e.g., [21 13] as a review). The 
essential point for each model is finding the Hamiltonian of the system as a combinations 
of different physical modes (mostly harmonic oscillators) which acquire positive excitation 
energies above the vacuum state. Then turning off all of the excitations, one finds the 
vacuum state energy of the system. The Casimier force emerges as the change in the 
vacuum energy due to a small displacement of the boundaries. 

In this paper we consider the model of a massive bosonic string in a background B-field 
introduced initially in j^. This model is a generalization of the massless case which is a 
famous model in the context of the string theory, specially because of exhibiting noncom- 
mutative coordinates on the brains attached to the endpoints of the stringfS]. In a previous 
paper [6] , considering the boundary conditions as Dirac constraints and imposing them on 
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the Fourier expansions of the fields, we found the physical modes of the system as an infi- 
nite set of harmonic oscillators. This enabled us to write down the canonical Hamiltonian 
as a summation over Hamiltonians of simple harmonic oscillators with definite frequen- 
cies. Hence, we can read out the zero point energy as the summation over vacuum energy 
of individual oscillators and regularize it to find out the Casimir energy in terms of the 
length of the string. We will apply the well known Abel-Plana formula for regularization of 
the vacuum energy. Then by differentiating the Casimir energy with respect to the string 
length, we will find the associated Casimir force as an interaction between the D-brains 
(section 2). 

Finally, we calculate the divergent part of the vacuum state energy of the string in 
section 3. It's reasonable to interpret the divergencies of the vacuum state energy as the 
renormalization of some classical parameters of the system [7|. Here, we make a connection 
between the divergent part of the vacuum state energy and renormalization of the mass of 
the bosonic string. 



2 The Casimir force for the massive Bosonic string 

Suppose an even number of fields, Xi, among Bosonic fields X^^ living in a flat target space, 
are coupled to an antisymmetric external tensor B-field. In the simplest case the subspace 
of Xj's is a two dimensional Euclidian space and the constant B-field is exhibited by 

Thus, neglecting those components of which does not couple to the B-field, the simplified 
Lagrangian is given as |3] 



1 

2./0 



da 



X2 _ - m^X^ + 2BijXiXj 



(2) 



where "dot" and "prime" represent differentiation with respect to r and a respectively. 
Consistency of the variational principal is achieved by considering the boundary conditions 
Xi + BijXj = at the end-points a = and a = I. In the canonical formulation the 
Hamiltonian reads ^ 

H= - [ da[{P- BX'f + X'2 + m^X^] , (3) 
2 Jo 

where Pi = Xi+BijXj are conjugate momentum fields. Hence, the boundary conditions can 
be considered as vanishing of the primary constraint r) = MijdaXj{a, r) + BijPj{a, r) 
at the end-points a = and a = I where M = 1 — B"^. As shown in details in [6], 
the consistency of primary constraints, in the language of constrained systems, gives the 
following two infinite sets of constraints at the end-points 

{dl - m'r [M,,d„X,{a, r) + B,,P,{a, r)] = 0, 

{dl - rr?r %P^{cy. t) - n?B,^X^{a, r)] = 0, (4) 

where n = 0, 1, 2, .... Imposing the above constraints on the most general Fourier expansions 
of the fields X((T, r) and P{a,T), gives their expansions in terms of an enumerable set of 
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physical modes a„ and c„ as follow 



Xia. t) 



P((T, t) 



1 
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ao(r) cosh ko{a - ^) - j^M ^Bco{t) sinh ko{a - 
2 Kq 2 



nvr / _i nvr 

a„(r) cos —cr M BcJt) sin— a 

I nvr / 

n=l '- 

Co(r) cosh /co(o- - ^) - ^M~^Bao{T) sinh fco(a - 

2 Kq 2 

TITT I Tin 

c„(r) cos —a M^^ BaJr) sin —a 

I nn I 



n=l 



(5) 



Using the symplectic approach gives finally the classical brackets of the physical modes as 

[ttn, C,] = N~^5ns, (6) 

where 



sinh kol 
kol 



(7) 



Inserting the expansions Q of the fields in Q gives the Hamiltonian in terms of physical 
modes as 



H=-Y.N^{M-'cl + Mujlal) 



n=0 



where 



2 2 ^'^^'^ / 



(8) 



(9) 



The Hamiltonian (|8j) is, obviously, a superposition of infinite number of independent har- 
monic oscillators with a's as positions and c's as momenta. 

Now, we can use these results to study the Casimir effect for the current problem. From 
Eqs. ([9]) the zero-point energy of the system is 



Eo{l,m) 



(10) 



where we have used the Planck units in which h = 1 and c = 1. The sum (10) is obviously 
infinite, as usual in quantum field theory in assigning the ground state energy of a system. 
In order to regularize (10), we use a generalized form of the known Abel-Plana formula [7] 
as follow 



V GA{n) - / dkGAik) = -G^(0) - 2 / 
„=o ^ -^^ 



dk 



A exp{27rk) — 1 



(k'-Ay, (11) 



where k is a continuous variable corresponding to n and Ga(^) = \/A^~+~k^. To find the 
convergent part of Eq. (10) we just have to take G'm(n) = | y^m^~+~n%^/7^. After some 
simplifications we have 



00 



n=0 



ra^TT^ 1 



dky/ m? + k"^ 



m 1 



dy 



4 Anl exp{y) - 1 



y'-f^', (12) 



where y = 27ik and n 
energy as 



2ml. So, comparing Eqs. (12) and (10) we obtain the Casimir 

dy 



1 + 52 - 



1 m 
2'^ 



1 



exp(?/) 



r - ^^ 



(13) 



Note that the resuh ( 13 ) has no dependence on the choice of the regularization method. 



Here, it seems necessary to attend to a physical points. If we reasonably consider the 
parameter "m" as the mass of the bosonic string, we anticipate the Casimir energy should 
vanish by taking the limit m — > 00. The reason is, for large values of m, we expect the 
zero-point fluctuations of the vacuum state of the string tend to zero. This requirement 
can be generally considered as a universal condition for the Casimir energy of a massive 



system [7j. As a result of this condition, the first term in Eq. (13) seems to be problematic. 
However, this term may be absorbed as a renormalization term for the mass of the string, 
as we will see in the next section. 



Now differentiating Eq. (|13|) with respect to / gives the Casimir force as follow 



F,(/,m) 



47r/2 



dy 



[exp(y) - I]v/y2-/i2 exp(y) 



1 



(14) 



For the massless bosonic string the corresponding results can be obtained simply, by taking 



the limit m — )• in Eqs. (13) and (14) as 

m 



IT 

'2AV 

71 

'MP 



(15) 



These results can also be obtained using the well known Zeta function regularization. 



Obviously the Casimir force (15) associated with the massless string as well as that of 




i (Planck length) 



massive one (14), has no dependence on B-field. Hence, we conclude that the background 



B-field does not play any role in the Casimir effect for massive or massless bosonic string, 
as we see in above plot, the Casimir force, in terms of Planck force [Fp f» 1.2 x 10^^ A^), 
decreases when the string mass, in terms of Planck mass (mp ?a 2.2 x 10~^fc(y'), or the string 
length, in terms of Planck length {Ip ^ 1.6 x 10~^^m) increases, as expected. 
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3 Mass Renormalization 



In this section we want to show that the divergent part of the zero-point energy should not 
be considered just as a redundant part which should be canceled. As we will see, it may 
have, in fact, physical interpretation. 

The Abel-plana formula in the previous section just gave us the convergent part of the 
vacuum energy. To find the divergent part of the zero-point energy of the string, we initially 
write 



Eois) 



/i 



E 

j=0 



l~2s 
j ' 



(16) 



in which /i is a constant with the dimension of mass, included for compensating the di- 



mensions in opposite sides of Eq. (16) and j is the number of mode. Apparently Eq{s) in 



the limit s — )■ tends to vacuum state energy. From the well-known definition of Gama 
function we can write 

dt t'-'^ 



00 



l-2s 



t T{ 



exp {—tuj. 



(17) 



For the massive bosonic string, using Eq. ^ we have 



Eo{s) 



dt r 



t Vis -I) 



exp (— tm^) j exp 



,n=l 




As is seen, the integrand in Eq. (18) is well-behaved for large t. For small t, however, using 



the known Poisson summation formula we obtain an asymptotic expansion as 




(19) 



Hence, Eqs. (|18|) and (|19|) result in 



/i 



2s 



dt t'-^ 



t r(s- 1 



fx 



exp [—tm 
2^ /m^ r(s - 1) 



47rr(s 



2s 



(20) 



Here, an allusion to the theme of the familiar expansion of heat kernel may seem interesting. 
It is well-known that the heat kernel K{t), has an asymptotic expansion for t as follows 



1 



V^(4^ 



(21) 



n=0 



in which, d is the dimension of the space where the dynamical fields live in, and 



recognized as the heat kernel coefficients. Comparing Eqs. (19) and (21), we deduce that 



the heat kernel asymptotic expansion for the bosonic string can be derived, simply, if we 
take d = 1, ao = I and ^ 0, for i > 1 . In other word, since ao is often considered as 
the volume of the underlying space, the bosonic string, in the framework of heat kernel 
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expansion, can be seen as a one dimensional system with volume /. Now turning back to 



Eq. ( 20 ) , we have for s — )■ 

-"W-'^^Y' (22, 

where the asymptotic value T{s — 1) ~ — ^ for s ~ 0, has been employed and also we have 
inserted r(— ^) = —2\fT^. So the divergent part of the vacuum state energy for the massive 
bosonic string is 

J TT)'^ 1 

Etis) = ^-, s^O. (23) 

pdiv / 



Note that Eq{s) in Eq.(23 ) is proportional to the mass squared as well as the length of the 
string; hence, it may have some physical significance. Using the idea given in Ref. [7], it 
would be more clear if we reasonably, add the vacuum state energy to the classical ground 
state energy Eo^ciass , to evaluate the total ground state energy, Eo^totai, of a system, as 
follows 

Eo^total = Eo^class + Eq{s) = E^^class + Eq''{s) + Eq{s) — Eq^"" (s) 

V ' ' V ' 

= -^ofdass + Eo^gu- (24) 

Here we have subtracted the divergent part from vacuum state energy and appended it to 
the classical ground state energy, as a reasonable interpretation for the renormalization of 
the classical ground state energy of the system. 

For the relativistic massive string, it is reasonable to consider the mass of the string, as 
the classical ground state energy, -Eo,dass = Hence we can write 

Kciass = m + —-, s^O. (25) 



Eventually, we can think of Eq.(25), as renormalization of the mass of bosonic string as 



Iffi^ 1 

m^m-\ , s 0, (26) 

Stt s 

As we said in the previous section, we should impose the physical requirement -Eo,<7« ~^ 



for m — )■ oo. To fulfill this condition the first term in Eq. (13) can be considered as 
another mass renormalization term. Hence, the final expression for renormalization of the 
string mass can be written as follow 

1 , m Im"^ 1 



m^m + {Vl + B^ --)- + - , s^O. (27) 

2 2 OTT s 



Note, the last two terms in Eq. (27) are resulted from quantization of the system, and 
vanish in the classical limit h 0. We see that the background B-field plays a role in the 
mass renormalizaton, although it has no influence on the Casimir effect for the Bosonic 
string, as we previously realized. 
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